Abstract. We describe the isomorphism classes of certain infinite-dimensional graded Lie algebras of maximal class, generated by an element of weight one and an element of weight two, over fields of odd characteristic.
Introduction
Let M be a Lie algebra over the field F. Suppose M is nilpotent of nilpotency class c, so that c is the smallest number such that M c+1 = 0. If M has finite dimension n ≥ 2, it is well-known that c ≤ n − 1. When c = n − 1, M is said to be a Lie algebra of maximal class.
Consider the Lie powers M i . Then M is of maximal class when the codimension of M i is exactly i, for i ≤ c + 1. It is natural to extend the definition to an infinite-dimensional Lie algebra M by saying that M is of maximal class when the codimension of M i is i for all i (see [6] ). One can grade M with respect to the filtration of the M i : let
and consider
There is a natural way of defining a Lie product on L, and the graded Lie algebra L has the following properties: dim(L 1 ) = 2, dim(L i ) ≤ 1 for i ≥ 2, and L is generated by L 1 . Note that here too we allow all L i to be non-zero, thereby including infinite-dimensional algebras. A graded Lie algebra L satisfying these conditions is called a graded Lie algebra of maximal class in [2, 3, 5] . However, this definition does not capture all possibilities. One of the other possibilities for a graded Lie algebra L = ∞ i=1 L i to be of maximal class is to have dim(L i ) ≤ 1 for all i ≥ 1, with L generated by L 1 and L 2 . We call a graded Lie algebra of this form an algebra of type 2, whereas we refer to a graded Lie algebra of maximal class in the sense of [2, 3, 5] as an algebra of type 1.
In studying algebras of type 2, we will mainly deal with the infinite dimensional ones (as in [6, 2, 3, 5] ). However, our arguments also provide fairly complete information about finite dimensional algebras.
If the characteristic of the underlying field F is zero, it is well-known that there is only one infinite dimensional algebra of type 1. This is the algebra a = x, y : [yx i y] = 0, for all i ≥ 1 ,
where x and y have weight 1. The ideal generated by y is an abelian maximal ideal here. However, if F has prime characteristic p there are uncountably many algebras of type 1 [6, 2] ; these algebras were classified in [3, 5] .
Over a field F of characteristic zero there are three infinite-dimensional algebras of type 2 [7, 4] , called m, m 2 and W , and these are defined over the integers. The first one is a close analogue to a. It is given as m = e 1 , e 2 : [e 2 e i 1 e 2 ] = 0, for all i ≥ 1 ,
where e 1 has weight 1 and e 2 has weight 2. The ideal generated by e 2 is an abelian maximal ideal here. The second one is defined as m 2 = e i , i ≥ 1 : [e i e 1 ] = e i+1 , for all i ≥ 2,
[e i e 2 ] = e i+2 , for all i ≥ 3
[e i e j ] = 0, for all i, j ≥ 3 ,
where e i has weight i. Here m 2 2 = e i : i ≥ 3 is a maximal abelian ideal. The third algebra is the positive part of the Witt algebra: W = e i , i ≥ 1 : [e i e j ] = (i − j)e i+j , and is not soluble.
When one considers these algebras over a field F of prime characteristic p > 2, m and m 2 give algebras of type 2, but W does not.
We will show in the next section that there is a natural way to obtain an algebra of type 2 from an uncovered algebra of type 1. (See the next section for the relevant definition.) In particular, m arises from a in this way. We will show that for prime characteristic p > 2 the algebras of type 2 consist of
• algebras arising in this natural way from algebras of type 1,
• one further family of soluble algebras, • in the case p = 3, one additional family of soluble algebras. This yields a classification of algebras of type 2 over fields of characteristic p > 2. We believe the case of characteristic two to be considerably more complicated.
Preliminaries
Let L be an infinite-dimensional Lie algebra over a field F that is graded over the positive integers:
If dim(L 1 ) = 2, dim(L i ) = 1 for i > 1, and L is generated by L 1 , we say that L is an algebra of type 1. These are the algebras that are called algebras of maximal class in [2, 3, 5] . In these papers these algebras are classified over fields of prime characteristic p.
As mentioned in the Introduction, over a field of characteristic zero there is only one isomorphism class of algebras of type 1. This is the algebra a of (2) generated by two elements x and y of weight 1, subject to the relations [yx i y] = 0, for all i ≥ 1. This algebra is metabelian, and the graded maximal ideal containing y is abelian. Here we use the notation If in the algebra (5) we have dim(L i ) = 1 for all i ≥ 1, and if L is generated by L 1 and L 2 , we say that L is an algebra of type 2. Choose non-zero elements e 1 ∈ L 1 and e 2 ∈ L 2 . Since L is of maximal class, for each i ≥ 2 we have [
Therefore we can recursively define e i+1 = [e i e 1 ], for i ≥ 2, and we have L i = e i for all i. We keep this notation fixed for the rest of the paper, allowing ourselves to rescale e 2 when needed.
In [2, 3] , to which we refer the reader for all details, a theory of constituents has been developed for algebras of type 1 over fields of positive characteristic p. If L is such an algebra, define its i-th two-step centralizer as
for i > 1. Each C i is a one-dimensional subspace of L 1 . A special role is played by the first two-step centralizer C 2 . In fact, the sequence of the two-step centralizers consists of patterns, called constituents, of the following type
Here l is called the length of the constituent. (We are following the definition of [3] , which differs from that of [2] .) The first constituent requires a special treatment: its length is defined as the smallest f such that C f = C 2 , and turns out to be of the form f = 2q, where q = p h , for some h. It is proved in [2] that if the first constituent has length 2q, then the constituents of L can have lengths of the form
An algebra of type 1 is said to be uncovered if the union of the C i does not exhaust all of M 1 . It is proved in [2] that over any field of positive characteristic there are uncontably many uncovered algebras of type 1. (On the other hand, if the field is at most countable, there are algebras of type 1 that are not uncovered.)
We consider the maximal graded subalgebra
of M. Because of (6), L is an algebra of type 2. In addition, the algebra L inherits some kind of constituent pattern from M, as we will see in the following. From now on we will assume p > 2.
If we apply this procedure to the unique algebra M = a of (2) of type 1 in characteristic zero, which is clearly uncovered, we get the algebra L of type 2 generated by an element e 1 of weight one and an element e 2 of weight two subject to the relations [e 2 e i 1 e 2 ] = 0, for all i ≥ 1. This is the algebra m of (3). In positive characteristic, note first of all that in L we may take e 1 = z, e 2 = [yz] where 0 = y ∈ C 2 , and take e k = [e k−1 e 1 ] for k > 2. Suppose that in M we have a segment of the sequence of two-step centralizers of the form
so that λ = 0. Note that the first constituent has length 2q ≥ 6 so that, in particular,
We have We call this pattern a constituent of length l = n − m and type (λ, µ). Note that ϑ and µ might well be zero. Here, too, the first constituent requires an ad hoc treatment. If in the algebra L one has [e 2 e 1 e 2 ] = 0, and n is the smallest integer greater than 1 such that [e n e 2 ] = 0, we say that the first constituent has length n + 1. If there is no such n, then L is isomorphic to the algebra m above.
We will see in Section 4 that the first constituent of an algebra of type 2 can have length q + 1 or 2q, where q is a power of the characteristic of the underlying field. If the first constituent has length 2q, we will see in Section 5 that L comes from an algebra of type 1 via the procedure described above. If the first constituent has length q + 1, we will see in Sections 6-9 that we obtain one soluble algebra of type 2 for q > 3, and a family of soluble algebras for q = 3.
We have just seen that an algebra of type 2 that comes from an algebra of type 1 has constituents of type (λ, −λ). We now prove that the converse also holds.
Suppose all constituents of the algebra L of type 2 are of type (λ, −λ). Consider the following partial linear map
We show that we can extend this to a unique derivation D of weight 1 on the whole of L. In the extension M of L by D, we have [De 1 ] = −e 1 D = e 2 . Thus M is generated by the elements e 1 and D of weight 1, and it is an uncovered algebra of type 1.
We 
In [2] a device for studying algebras of type 1 called deflation has been introduced. We now show that this can be applied also to algebras of type 2, and the result will be an algebra of type 1. This is useful in simplifying some proofs later on.
Let L be an algebra of type 2 as in (5) . Consider its subalgebra
Grade S by assigning weight i to L ip . Now S admits the derivation D = ad(e 1 ) p which, in the new grading, has weight 1. We have
It follows that the extension of S by D is a graded Lie algebra of maximal class, and it is generated by the two elements e p and D of weight 1. Therefore it is an algebra of type 1. 
In such a formula, to evaluate binomial coefficients modulo a prime we will make use of Lucas' theorem, in the following form. Suppose a, b are non-negative integers, and q > 1 is a power of a prime p. Write a = a 0 + a 1 q, and
where the a i and b i are non-negative integers, and a 0 , b 0 < q. Then bd − 2ad + ac = (−1 + 2a) (3 − 5a + 3c) − 2a (3 − 5a + 3c) + ac = −3 + 5a − 3c + ac, so either a = 3 (which gives 12 = 0), or c = 3 − 5a a − 3 .
[ 
So provided the characteristic is not 2, and provided a = 3,
Combining these two equations we obtain (−27 + 78a − 53a 2 + 10a
Expanding, we obtain
So if the characteristic is not 2 or 3 or 5 then a = 1 or a = 9 10
. If the characteristic is 5 then a = 1. The cases when the characteristic is 2 or 3 have to be dealt with separately. We deal with the latter in Section 7.
When a = 9 10
, it is proved in [1] that the algebras one obtains are quotients of a certain central extension of the positive part of the infinite-dimensional Witt algebra. In any case, there are no infinite-dimensional algebras of maximal class here.
The choice a = 1 uniquely determines the following metabelian Lie algebra [4, 7] :
Note that ad(e 2 ) is the square of ad(e 1 ) on L 2 . In fact, we have to show that m 2 has the following presentation: Note that this does not work for n = 5. From this it is straightforward to see that the algebra is metabelian, and thus is isomorphic to m 2 . In fact we have for
The length of the first constituent
Suppose now L is an algebra of type 2 over a field of positive characteristic p. Suppose L admits a theory of constituents. Therefore [e 3 e 2 ] = [e 2 e 1 e 2 ] = 0. If [e i e 2 ] = 0 for all i ≥ 3, then L is isomorphic to m of (3). Suppose thus there is an n > 3 such that [e 3 e 2 ] = [e 4 e 2 ] = · · · = [e n−2 e 2 ] = 0, but [e n−1 e 2 ] = 0. We intend to show that n, the length of the first constituent, can only assume the values 2q, for some power q of p, or q + 1, for some power q > 3 of p.
We may assume, rescaling e 2 , that [e n−1 e 2 ] = e n+1 . We first prove that n is even, with a simple argument similar to one of [2] . In fact, if n = 2k − 1 is odd, we have
a contradiction. Here and in the following we write a ≈ b to mean that a is either b or −b. Write n = 2k. We aim at proving that the only possible values for k are q and (q + 1)/2. We first compute 
This shows that the only possibilities for k are
for p > 3, whereas for p = 3 one has
When k ≡ 0 (mod p), we show that k = q, a power of p. (The case when p = 3 is not special here, as we have already dealt with k = 3 for p = 3 above.) This we do by exploiting the deflation procedure, as described in Section 2. Suppose in fact k = qm, with q a power of p, and m ≡ 0 (mod p). Thus n = 2qm here. We have [e n−1 e 2 ] = e n+1 and [e n e 2 ] = −e n+2 . We have also proved in (7) that [e n+1 e 2 ] = 0. We first extend this to
We proceed by induction on l, for 1 < l ≤ p − 2:
Now
In any case the coefficient of [e n+l e 2 ] is less than p for l < p − 1, so that it is non-zero.
In the deflated algebra, we thus have 
In the deflated algebra the first constituent has thus length 2qm. It follows from the theory of algebras of type 1 that m = 1. We will show in Section 5 that algebras of type 2 with k = q come from algebras of type 1.
where p does not divide m. Thus n = qm + 1. We want to show that m = 1. holds for k ≤ n − 4. Note that n − 4 = qm − 3 ≥ 2q − 3, as m > 1.
Let l < q − 1. Write l + 1 = βp t , where β ≡ 0 (mod p). Note that p t < q, so that 
so that [e n+l+1 e 2 ] = 0. Now consider the case when p t = 1, so that l + 1 ≡ 0 (mod p). An analogous calculation yields
We obtain [e n+l+1 e 2 ] = 0, except when l + 4 is divisible by p. Note that we may assume p > 3 here, since we have already dealt with the case when l + 1 ≡ 0 (mod p). We compute
= [e n+l+1 e 2 ], as p > 3. We now reach a contradiction by proving e n+q+1 = e qm+q+2 = 0. Since n = qm + 1 is even, m is odd, and qm + q + 2 is even. Consider the integer
Note that
We obtain, using (10),
Now we have q
Therefore, up to a sign, the overall coefficient of e qm+q+2 in (12) is
This disposes of the case m > 1, so we obtain
We will deal with this case in Sections 6 and 8. Remember that when p = 3 we are taking q ≥ 9 here. In fact when q = 3 we get k = 2, so that [e 3 e 2 ] = 0, and the algebra does not admit a theory of constituents. We now deal with the case k ≡ 1 (mod p), so k = 1 + qm, where q is a power of p, and m ≡ 0 (mod p). Thus n = 2qm + 2. We have thus [e n−1 e 2 ] = e n+1 and [e n e 2 ] = 0. We want to show that this case does not occur. 1 ]] = 2e n+p−2 , the length of the first constituent in the deflated algebra (which is of type 1) is 2qm/p. If m > 1, this is not twice a power of p. It follows that m = 1, and n = 2q + 2.
We now show that [e n+l e 2 ] = 0 holds in fact for all l < q. Because of the argument of (13), we have to deal with the case l ≡ 0 (mod p). If p t is the highest power of p that divides l, and l = βp t , with β ≡ 0 (mod p), we compute 0 = [e n−p t −1 [e 2 e l+p t −1 1
Here
We can perform this calculation when l + r − 1 < 2q − 1. Note that this holds for l < q. = 2e 3q+3 .
First constituent of length 2q
This is the case k = q of the previous section. 
as this will be useful later in this section. Recall that µ = 0 here, but ν might be zero.
If ν = 0 in (16), we compute, proceeding by induction on l, for 0 < l < q − 1, 
Suppose now ν = 0. We have first 
As l is even here, the coefficient is 2ν = 0.
For l odd, the coefficient in (17) is 2µ − lν. Suppose this vanishes. As 1 ≤ l < q − 2, we have q > 3 here, so that [e m−2 e 2 ] = 0. We compute 
As
we get [e m+l+2 e 2 ] = 0.
The coefficient here is, up to a sign, β(µ + ν). This cannot vanish, otherwise the two relations µ + ν = 0 and 0 = 2µ − lν = 2µ + ν would yield µ = ν = 0, a contradiction. We now provide the induction step for our assumption that all constituents are of the form (λ, −λ).
Suppose first the following constituent is of length q. Now the first two binomial coefficients readily evaluate to 1, while for the last two we have, for l ≥ q,
so that ν = −µ, as requested.
Suppose now the next constituent has length l > q, so that in particular 
In this case, too, we obtain ν = −µ. This completes the induction step.
First constituent of length q
Let q be a power of p (q > 3), and suppose that [e i , e 2 ] = 0 for i = 3, 4, . . . , q −1, and that [e q , e 2 ] = 0. By scaling e 2 we may suppose that [e q , e 2 ] = e q+2 . We show that there is a unique infinite dimensional Lie algebra L of type 2 satisfying this condition. The Lie algebra L is defined by the following:
• [e i , e 2 ] = 0 for i = 3, 4, . . . , q − 1, It follows that if m, n > q then [e m , e n ] = 0, so that the Lie algebra is soluble. We give a construction of L in Section 8, and we make use of the existence of L in the following way. In L we have [e n , e 2 ] = µ n e n+2 for n > 2, where µ n = 0, 1, 
So [e 2m−2 , e 2 ] = µe 2m for some µ which is uniquely determined by It follows that [e q+3 , e 2 ] = µ q+3 e q+5 = 0. We now show by induction that [e k , e 2 ] = 0 for k = q + 2, q + 3, . . . , 2q − 1. We have established the cases k = q + 2 and q + 3. So suppose that q + 3 < m < 2q, and suppose that [e k , e 2 ] = 0 for k = q + 2, q + 3, . . . , m − 1.
Using the argument above, it is only necessary to consider the case when m is odd. Then , but first we show that [e k , e 2 ] = 0 for 2q + 1 < k < 3q. It is convenient to subdivide the proof of this into the case when λ = 0 and the case when λ = 0.
First consider the case when λ = 0. From (18) we see that if m is even and 2q + 3 < m < 3q − 1 then [e m , e 2 ] = 0 unless m = 1 (mod p). But (19) shows that [e m , e 2 ] = 0 in the case when m = 1 (mod p), as well as in the case when m = 3q −1. So [e k , e 2 ] = 0 for 2q +1 < k < 3q in the case when λ = 0.
So suppose that λ = 0. As above, we want to show that [e k , e 2 ] = 0 for 2q + 1 < k < 3q. Since we need the following argument several times, it is convenient to put it in the form of a lemma.
Lemma. Let t ≥ 1 and let q = p s > 3. Suppose that [e k , e 2 ] = 0 for 1 < k < 2tq unless k = 0 (mod q) or k = 1 (mod q), that [e 2tq , e 2 ] = αe 2tq+2 for some α = 0, and that [e 2tq+1 , e 2 ] = λe 2tq+3 for some λ = 0. Then [e 2tq+k , e 2 ] = 0 for 1 < k < q. e 3q+3 when λ = − can only arise when p = 3.
6.1. Generic step for λ = − . We assume that q is a power of p (q > 3) and we assume that
• [e i , e 2 ] = 0 for i = 3, 4, . . . , q − 1, e kq+3 for k = 2, 3, . . . , 2n − 1 (n ≥ 2),
• [e k , e 2 ] = 0 for q + 1 < k < (2n − 1)q unless k = 0 (mod q) or k = 1 (mod q). We show that • [e (2n−1)q+k , e 2 ] = 0 for 1 < k < q, 
This implies that [e (2n−1)q+k , e 2 ] = 0, since . First note that the lemma implies that if λ = 0 then [e 2nq+k , e 2 ] = 0 for 1 < k < q. We show that [e 2nq+k , e 2 ] = 0 for 1 < k < q in the case λ = 0 also. So suppose that λ = 0. 
Similarly, if r = q − 1 then
.
which implies that
Equations (28), (29) and (31) imply that λ = − in exactly the same way as equations (22), (23) and (25) . We assume that q is a power of p (p > 3) and we assume that
• [e i , e 2 ] = 0 for i = 3, 4, . . . , q − 1, of the last section, with s = 1.
We show that [e (2n+s)q+k , e 2 ] = 0 for 1 < k < q. In addition we show that if
e (2n+s+1)q+3 , and we show that if s = p − 3 then e (2n+s+1)q+2 = 0. This contradiction shows that the case λ = − 1 4 cannot arise in an infinite dimensional Lie algebra of type 2.
For the moment we suppose that s < p − 3.
First we show that [e (2n+s)q+k , e 2 ] = 0 for 1 < k < q. 
and so implies that [e (2n+s)q+3 , e 2 ] = 0 unless 2s + 1 = 0 (mod p). We also have
which implies that [e (2n+s)q+3 , e 2 ] = 0 unless p = 5. Now if p = 5 then our assumption that 1 ≤ s < p − 3 implies that s = 1 so that 2s + 1 = 0 mod 5. So [e (2n+s)q+3 , e 2 ] = 0 in every case. Now suppose that 3 < m < q and that [e (2n+s)q+k , e 2 ] = 0 for all k such that 1 < k < m. Let L be an N-graded Lie algebra of maximal class over a field F of characteristic 3, where L has basis {e i | i = 1, 2, . . . }, with [e i , e 1 ] = e i+1 for i > 1. We consider the case when [e 3 , e 2 ] = 0. By rescaling e 2 we may assume that [e 3 , e 2 ] = e 5 , which implies that [e 4 , e 2 ] = e 6 but leaves [e 5 , e 2 ] undetermined. We show that for every λ ∈ F there is a unique infinite dimensional soluble algebra L(λ) of type 2 satisfying these relations, together with the relation [e 5 , e 2 ] = λe 7 . The algebra L(λ) has basis {e i | i = 1, 2, . . . }, and satisfies the following relations: 
We give a construction of L(λ) in Section 9, but in fact it is easy to show directly that these relations ( 
The fact that [e k , e 3 ] = (1 − λ)e k+3 for k ≥ 4, and that [e k , e m ] = 0 for k, m ≥ 4, follows easily from this.
We will make use of the following argument. Suppose that we have shown that [e n , e 2 ] = µ n e n+2 for all n with 4 ≤ n < 2m. Then the relation [e m+1 , e m+1 ] = 0 implies that As above, we suppose that for some n ≥ 1 we have [e 3k+1 , e 2 ] = e 3k+3 , [e 3k+2 , e 2 ] = 0, [e 3k+3 , e 2 ] = −e 3k+5 for 1 ≤ k ≤ n, and we suppose that [e 3n+4 , e 2 ] = µe 3n+6 for some µ = 1. As above, we may assume that n is odd. We prove that L(0) is the unique infinite dimensional algebra over F of type 2 satisfying [e 3 , e 2 ] = e 5 , [e 5 , e 2 ] = 0 by showing that this implies that L is nilpotent.
• ] = −e 3n+10 . We let n = 2cq − 1, where q is a power of 3 and where c is coprime to 3. Then we make a further inductive assumption that for some t with n + 2 ≤ t ≤ n + q we have
• Now we can write t = n + 2s for some s with 2 ≤ 2s < q. So ].
We have [e 3k , e 3 ] = e 3k+3 for m + 1 ≤ k ≤ n and for n + 1 < k ≤ n + q + 1, [e 3n+3 , e 3 ] = −e 3n+6 . Since . So we obtain
So either e 3n+8 = 0 (and L is nilpotent), or mµ(µ + 1) = µ(µ − 1). But since µ = 0, the only solution of mµ(µ + 1) = µ(µ − 1) is µ = 1 and m = 0 (mod 3). So we may assume that n = 2cq where q is a power of 3 and where c is coprime to 3, and we may assume that
• We have to divide the proof that [e 3t+5 , e 2 ] = 0 into two cases depending on whether t is odd or even. First suppose that t is odd and let m = . Then e 3m+2 = [e 2 , e 8. Constructing the algebra with first constituent of length q
In this section we construct the algebra L with first constituent of length q which is described in Section 6. If q = 3, this construction gives the algebra L(−1) of Section 7.
Let p be an odd prime, and let q be a power of p. Let V be a vector space of dimension q over the field F(t) of rational functions over the field F with p elements. We grade V over the cyclic group of order q,
Consider the following endomorphisms D and E, of V .
Thus E has weight 1, and D has weight 2. We construct the Lie algebra A spanned by E and D in the endomorphism algebra of V .
Consider [DE q−2 ], which has weight q ≡ 0 (mod q). For 0 ≤ j < q we have Let us now consider the semidirect product V +End(V ), and in it the Lie algebra L over F generated by e 1 = E, e 2 = − 1 2t
Recursively define e i+1 = [e i e 1 ], for i ≥ 2. Note that for 2 ≤ i ≤ q we have by induction
In particular for i = q we have
Therefore
and we are in V from now on, and further commutation with e 1 and e 2 is straightforward. In particular, if 0 ≤ r < q and k ≥ 1, then e kq+r+1 = [e q+1 e 9. Constructing the extra algebras for q = 3
In this section we construct the algebras L(λ) of Section 7. These are defined over a field F of characteristic 3, for λ ∈ F.
The construction is similar to the one of the previous section. We rephrase it here in terms of matrices.
Let t be an indeterminate over K. Let v 1 , v 2 , v 3 be the standard basis of the space of row vectors K(t) 3 . Consider the 3 × 3 matrices over K(t)
where as usual zero entries are omitted. We have
a scalar matrix, so that the Lie algebra spanned by D and E has dimension 3. Now consider the block 4 × 4 matrices
Consider the Lie algebra S spanned by e 1 and e 2 . We compute 
